We describe conformal operators living at the boundary of AdS d+1 in a general setting.
1 For earlier work on the connection between branes geometry, Anti-de-Sitter space and singletons, see [4] Every irreducible (infinite dimensional) representation can be specified by an irreducible representation of the Lorentz group with definite conformal dimension and annihilated by K µ . In terms of the stability algebra at x = 0 (K µ , D, M µν ), we define a primary conformal field, in a generic representation of the Lorentz group, by
(1.
3)
The descendents ∂....∂O {α} (0) fill an infinite dimensional representation specified by three numbers (l, j L , j R ), which contain the conformal dimension and the Lorentz quantum number of the primary operator.
In terms of the three Casimirs of the stability algebra,
the O(4,2) Casimirs take the following values [6] :
(1.5)
In the particular case of a tensor representation of spin s (l, j L = j R = s/2), we have: The quadratic Casimir 1 2 L AB L AB = −η 2 ∂ 2 + η∂(4 + η∂) (1.8) on the hypercone reduces to C I = l(l − 4).
To describe tensor conformal fields, we can consider homogeneous tensors O A 1 ...A s (η)
on the hypercone. The irreducible representations of the conformal algebra are specified by the symmetric-traceless tensors which also satisfy refs [5] , [8] ,
Acting on these tensors, the Casimirs are not purely orbital, but they must be supplemented with an internal part, corresponding to a finite dimensional representation of
Unitarity imposes the following bounds [9] ,
The two unitarity thresholds are satisfied by massless fields and conserved tensors field, respectively [8] . The equations
are indeed conformal covariant only if l = 1 + j and l = 2 + j L + j R , respectively. This can be easily proved by considering the O(4,2) commutation rule
In the AdS 5 /CFT correspondence, all gauge invariant composite operators in the CFT can be associated with fields in AdS 5 [2, 9, 3] . O(4,2) is reinterpreted as the isometry group of AdS 5 , and particles in AdS 5 are classified by the quantum number (E 0 , j L , j R ) of the maximal compact subgroup O(2) × O(4). In the identification with CFT operators, E 0 is identified with the scaling dimension and (j L , j R ) with the 4-dimensional Lorentz quantum number of the primary conformal operator.
The O(4,2) covariant wave equation for a particle with quantum numbers (E 0 , j L , j R )
in AdS 5 can be expressed in terms of the Casimirs of the conformal algebra. In this way, the mass of a particle can be expressed as a function of (E 0 , j L , j R ). In the case of a scalar, for example, the Laplace operator in AdS 5 coincides with the quadratic Casimir C I and the wave equation reads,
where we used eq. (1.6) with l → E 0 . We see that the mass square of a scalar field in AdS 5
can be expressed in terms of the conformal dimension E 0 of the field by m 2 = E 0 (E 0 − 4).
In general we obtain the following relations [10] :
and for fermions,
Of particular relevance also in Let us discuss also the meaning of the second unitarity bound in AdS (1.11) . This is the case of conserved currents in the CFT. The associated fields in AdS 5 are massless fields sustaining a gauge invariance. In this way, the global symmetries in CFT are associated with local symmetries in AdS 5 [9] . Here are the simplest examples of this correspondence:
-stress-energy tensor/graviton
The conserved tensors in this list satisfy in CFT an equation like (1.13) . This garantees that the number of degrees of freedom contained in a conserved tensor matches with those of a massless particle in AdS 5 . The number of degrees of freedom of a conserved tensor is In the case of representations for which l > 2 + j L + j R , the fields in AdS 5 are massive, and the corresponding CFT operators are not conserved.
The maximal supersymmetric case
In the AdS/CFT correspondence, the conformal dimension E 0 is not in general an integer. Only the conserved currents, in general, are protected under renormalization and have integer conformal dimensions; they are indeed associated with massless states in AdS.
On the other hand, the generic CFT operator is expected to have anomalous dimensions.
Introducing supersymmetry in the game, we have the notion of a "chiral" primary conformal operator, whose dimension is not renormalized even if it is not a conserved tensor.
In the familiar case of N=1 theories, the non-renormalization of the conformal dimension follows from the relation with the U (1) R charge (E 0 = q). The notion of chirality is associated with a shortening of the supersymmetric multiplet. The superconformal algebra representations which saturate the bound (1.10) correspond to the AdS d+1 singletons, which are associated with the fundamental massless conformal fields defining the SCFT. The superconformal algebra representations which saturate the bound (1.11) correspond to the massless multiplets in AdS d+1 , associated with the CFT multiplet of global currents. Other fields besides the conserved tensors are, in general, required to close a supersymmetric multiplet 2 ; in the same way, the AdS d+1 massless multiplet contains some massive fields, in addition to the massless graviton, gravitinos and gauge fields [16] . These massless multiplets are automatically short and their dimension is protected. The massive multiplets can be short (chiral, with canonical dimensions) or long (with anomalous dimensions). From the supergravity side, we know that all the KK states, coming from the dimensional reduction on H, are in short representations [17] and have integer dimensions. On the other hand, a generic string state has a mass which is not an integer and the corresponding CFT operator acquires anomalous dimension (in generally very large, in the limit in which supergravity can be trusted) [2, 3] . 2 For example, three set of scalars in different representation of SU(4), fermions and tensor fields are required to close the N=4 SYM supercurrent multiplet [14, 15] which contains the conserved stress-energy tensor, the spinorial supersymmetry currents and the SU(4) R-symmetry currents.
There are three types of different supermultiplets.
The ultrashort representations correspond to singleton representations. These multiplets have degeneracy 2 4 (2j L +1) with spin range from j L −1 to j L +1 [6] . They correspond to a sequence of massless conformal fields with dimension and spin related as in eq. (1.10).
The N=4 SYM fundamental multiplet belongs to this class of representations, and it is special because it is self-conjugated.
Short representations correspond to massless or massive representations with degeneracy 2 8 r where r is some finite dimensional representation of SL(2, C) × SU (4). Generic massless representations with spin range from (j L − 1,
states [6] . 
Short multiplets
Let us consider in details the case of N=4 SYM. An abelian N=4 vector multiplet corresponds to the self-conjugate representation of SU(2,2/4). The N=4 fundamental multiplet W [AB] (x, θ,θ), A = 1, .., 4 satisfies the constraints [15] ,
and contains, as first component, a set of six scalars φ [AB] in the 6 of SU(4), which will be denoted also φ l , l = 1, .., 6. The superfield itself will be also denoted W l .
(x, θ,θ) can be extended to an harmonic superspace [19] , where the superfield (now denoted W without indices) can be considered as a twisted chiral superfield [20] . In this way, all the product W p are still twisted chiral superfields and therefore are short multiplets [19] . In terms of the superfield defined in eq. (3.1), we have
traces [20] .
The superfield T rW 2 gives the supercurrent multiplet [14, 15] and the massless graviton in AdS 5 [21] . Notice that we are taking a trace in color space in order to get gauge invariant operators. The tower of superfields T rW p is the set of CFT composite operators in short multiplets which is in one to one correspondence with the KK states in AdS 5 × S 5 [10] . Using the explicit component expansion of W, given, for example, in [10] , and performing explicitly the superfield multiplication, we obtain the full spectrum of KK states computed in [16] . The relation between masses and conformal dimensions of the CFT operators is that predicted by superconformal invariance and discussed in section 1 (formulae (1.15)-(1.20)).
We can explicitly list the operators in W p which are in a (0,p,0) SU(4) representation and which therefore survive when fermions are neglected and only constant values of the bosonic fields φ l , F µν are retained [23] .
In terms of the singleton fields φ l , F αβ , Fαβ , (
we have,
We observe that SU(4) singlets are possible only up to p=4. There are exactly five of them [23] :
In the AdS/CFT correspondence, these operators are seen, by analyzing the Born-Infeld 
Long multiplets
The simplest example of long multiplet is easily constructed. By tensoring two singleton we can obtain either a spin 2 multiplet (which is again a twisted chiral superfield) or a spin 4 multiplet. The six scalars have a product which decomposes as 20+1 under SU(4). The 20 are the first components of the spin 2 multiplet which corresponds to the massless graviton in AdS 5 . The singlet is the first component of a spin 4 multiplet which is not contained in the supergravity states in AdS 5 , but should correspond to a massive string state [2, 3] .
The first component of this long multiplet is [15] ,
and can be roughly interpreted as (the non-abelian generalization of) the radial relative positions of the D3 branes in AdS 5 , while the highest one is the spin 4, made with combinations of the following operators,
with dimension E 0 = 6. There are also spin (1,1) with E 0 = 4 in the 1+15+20+... of SU (4), and spin 1 with E 0 = 3 in the 1+15+... of SU(4). In the free-field case, only the quoted representations appear.
This long multiplet is the N=4 embedding of the Konishi multiplet [26] . In N=1 language, the Konishi multiplet is Σ = S i e VS i , where S i , i = 1, .., 3 are the three chiral multiplets of the N=4 theory and V is the N=1 vector superfield. Σ satisfies
where W is the superpotential multiplet W = gǫ ijk f abc S ia S jb S kc where f abc are the structure constants of the gauge group. In the N=4 notations, the superpotential W is in the 10 of SU (4) since it is related to the gravitino mass term:
The θ 2 terms in the N=4 superfield are,
For an unconstrained superfield these 120 terms split into ( In the free-field theory limit the Konishi multiplet corresponds to the j L = j R = 1 massless spin 4 multiplet [6] . In the interacting theory, the OPE of two chiral primary operators is expected to contain also the higher spin multiplets with j L = j R = s/2 (s=2,...). These massive representations will contain massive states with maximum spin j = j L + j R + 2 = s + 2 and contain combinations of operators of the form:
These conformal operators should correspond to string states in N=4 supermultiplets up to spin j M AX = s + 2.
In the free field theory limit, the multiplet is massless only if the dimension l(j L , j R ) of a given operator is 2 + j L + j R . For other conformal dimensions the multiplet is massive.
Note that, for unconstrained multiplets the conformal dimension l ia an arbitrary real number satisfying l > 2 + j L + j R . This is consistent with the fact that in N=4 SYM theory a generic long multiplet has anomalous dimension, eventually related, at strong coupling, to the stringy massive excitations [2, 3] .
Conformal invariance constraints on the CFT Green functions
The correspondence between N=4 SYM and type IIB string theory on AdS 5 × S 5 can be explicitly used to compute field theory Green functions in the limit in which the α ′ and string loop corrections can be neglected and the string theory reduces to the classical supergravity [27, 28, 29] . In the SYM theory this corresponds to the t'Hooft limit N → ∞ and x = g 2 N fixed, when x is also large [1] . The supergravity therefore describes the strong coupling dynamics of the large N limit of the N=4 SYM. All the long multiplet, which are associated to string excitations, are predicted to have large anomalous dimension h = x 1/4 [2, 3] , and their contribution to OPE and Green functions disappears in the strong coupling limit. In this way, at strong coupling, the OPEs and the Green functions get contribution only from the short (KK) states, whose general form has been discussed in section 3.
However, when the 1/x (α ′ ) corrections are included, we can expect contributions also from the long multiplets.
A long multiplet contributing to the YM supercurrent Green function is just the Konishi multiplet discussed in section 4. It is indeed known that, at weak coupling, the Konishi multiplet appears in the OPE of the supercurrent multiplet [30] . Higher spin multiplets, of the form discussed in section 4, are expected to contribute to the OPE as well. In N=1 notation, indicating with J αα (z), z = (x, θ,θ) the supercurrent, we have [30] 
where β(g) is the one-loop beta function and γ i j the one-loop anomalous dimensions [32] ,
The two-loop value of c ′ was computed in [30] and reads
In the N=4 SYM (Y ijk → gf abc ǫ ijk ) we see that there are no corrections up to two loop to the free-field value of c and c ′ . In general, c, which can be related to an R-current anomaly, can be proved to be not-renormalized at all orders [30] . However, the anomalous dimension of Σ is not zero also for conformal invariant theories and reads, at the first perturbative order,
For N=4 we have h = We can use conformal invariance to get information on the structure of the OPE and Green functions [33] . We will give formulae valid for arbitrary space-time dimension d.
Let us consider only the constraints coming from the O(d,2) algebra. Supersymmetry will further imply selection rules on the operators which may appear in a given OPE expansion.
Consider, for simplicity, the OPE of two primary scalars A and B. On the hypercone, we can write the following expansion [33] :
using the pseudo-differential operator,
which is well defined when η 2 = η ′2 = η · η ′ = 0.
Let us consider the case of a scalar operator O (n=0). Using the previous formula, the contribution of all the descendants of a given primary operator O, of dimension l, can be re-summed [33] A ( and nd-(d+2)(d+1)/2 otherwise. The functional form of two and three-point functions is therefore completely fixed, while the four-point function depends on an arbitrary function of two conformal invariant parameters:
